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Abstract
In this paper we extend Y. Eliashberg’s h-principle to arbitrary generic smooth maps
of smooth manifolds. Namely, we prove a necessary and sufficient condition for a contin-
uous map of smooth manifolds of the same dimension to be homotopic to a generic one
with prescribed Thom-Boardman singularities ΣI and with no other critical points. In
dimension 3 we rephrase these conditions in terms of the Stiefel-Whitney classes of vector
bundles constructed from given loci of folds, cusps and swallowtail points.
1 Introduction
All manifolds and maps between them are assumed to be infinitely smooth unless we explicitly
specify otherwise. All manifolds are assumed to be without boundary.
Let M,N be compact n-manifolds and let f : M → N be a map. For a nonnegative
integer i1 ≤ n denote the set of points x ∈ M such that dim(ker df(x)) = i1 by Σi1(f). For
“almost every” map f the set Σi1(f) ⊂ M is a (not necessarily closed) smooth submanifold.
Then for a nonnegative integer i2 ≤ i1 let Σi1,i2(f) be the set of points x ∈ Σi1(f) such that
dim(ker df |Σi1 (f)(x)) = i2. Similarly, for every sequence I = i1, i2, . . . , im of integers such that
n ≥ i1 ≥ i2 ≥ . . . ≥ im ≥ 0 we have a subset ΣI(f) ⊂ M . This subset can be defined as the
preimage of a certain submanifold ΣI ⊂ J(M,N) of the jet space; the details can be found in
[2] (see also [1, §2]).
If the jet section j(f) of a map f : M → N is transversal to every submanifold ΣI , then
we call the map f generic. By the Thom transversality theorem, generic maps M → N form a
dense subset in the space of all C∞-maps M → N equipped with the Whitney topology. Note
that by the inverse function theorem for a generic map f the subset ΣI(f) ⊂ M is always a
locally closed smooth (possibly empty) submanifold.
We will use the term stratified submanifold of M to mean a disjoint union of submanifolds
(called strata) such that the union of all the strata is a subcomplex of some smooth triangulation
of M , and the closure of every stratum is a union of this stratum and certain strata of smaller
dimension. Note that the set of critical points of a generic map has a natural stratification ΣI by
nonincreasing sequences I with zero at the end. It is called the Thom-Boardman stratification.
We denote the set of all critical points of a map f equipped with a Thom-Boardman strat-
ification by Σ(f).
In this paper we discuss the following question.
Question. When does there exist a generic map M → N that has prescribed singularities?
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Recall that if n is sufficiently large, then the Thom-Boardman singularities ΣI are in general
not stable. In particular, for fixed I the germs of a given generic map f at two points x, x′ ∈
ΣI(f) may be not equivalent. Therefore we need to specify the germ of a generic map at each
critical point.
Namely, suppose we are given a closed subset S ⊂ M and a generic map ϕ : U → V from
a neighborhood U ⊃ S to some n-manifold V such that S = Σ(ϕ). Recall that S is always a
stratified submanifold of M . We will try to find a generic map M → N the germ of which at
S is equivalent to ϕ. We will use several versions of equivalence of germs; they are discussed in
§2.1.
Definition 1. The twisted tangent bundle TϕM is the following rank n vector bundle over M .
Choose a neighborhood U ′ ⊃ S such that U ′ ⊂ U . The total space of TϕM is obtained by
identifying TM |M\U ′ with ϕ∗(TN)|U ′ along ∂U ′ using dϕ.
Up to isomorphism this vector bundle does not depend on U ′ and only depends on the
global equivalence class of the germ of ϕ at S (see §2.1).
Theorem 1. Suppose f : M → N is a continuous map such that the vector bundles TϕM
and f ∗(TN) are isomorphic. Then f is homotopic to a generic map with the germ at S locally
equivalent to ϕ.
(The definition of local equivalence of germs is given in ...)
This theorem generalizes the theorem of Y. Eliashberg (see [3]) who proved the similar
result for maps with only Σ1,0 sungularities. Our proof of Theorem 1 use a relative version of
Eliashberg’s theorem, see §2.4.
Using Theorem 1 one can study maps with prescribed Thom-Boardman singularities in low-
dimensional case, when these singularities are stable. Namely, for n = 2, 3 there is a simple
combinatorial description of a germ of a generic map at its singular locus. Therefore one can
calculate the characteristic classes of TϕM if one is given a stratified submanifold Σ(ϕ) ⊂ M
and some additional combinatorial data.
For surfaces a necessary and sufficient condition for a map to be homotopic to a generic one
with given folds and cusps was given in [11, Th. 1].
In dimension 3 the Thom-Boardman singularities are folds Σ1,0, cusps Σ1,1,0 and swallowtail
points Σ1,1,1,0. This singularities are stable [10]. Note that for a generic map f of closed 3-
manifolds the set Σ1(f) is a smooth closed 2-submanifold and the set Σ1,1(f) is a smooth closed
1-submanifold, see the details in [1, pp. 47-48].
If M ′ is a codimension k submanifold of M , then we denote the Poincare´ dual class of M ′
in Hk(M,Z/2Z) by [M ′].
We deduce from Theorem 1 the following necessary and sufficient condition for a given
continuous map of 3-manifolds to be homotopic to a generic one that has the prescribed singular
locus. Suppose M,N are closed 3-manifolds, S ⊂ M is a closed 2-submanifold, C ⊂ S is a
closed 1-submanifold and P ⊂ C is a discrete subset.
Theorem 2. A continuous map f : M → N is homotopic to a generic map f ′ such that
Σ1(f ′) = S, Σ1,1(f ′) = C and Σ1,1,1(f ′) = P if and only if w1(M) = [S] + f ∗w1(N), w2(M) =
[C] + f ∗w2(N) and for every component C ′ ⊂ C we have [C ′] ^ [S] ≡ |P ∩ C ′| mod 2.
Note that by Wu’s formula (see [9, p. 131]) we have (w1(M))
2 = w2(M), and similarly for N .
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2 Preliminary results
2.1 Equivalence of germs of Thom-Boardman singularities
We now introduce three notions of equivalence of germs at a stratified submanifold S ⊂ M
of a positive codimension. Suppose we are given maps ϕ1 : U1 → V1 and ϕ2 : U2 → V2 from
neighborhoods U1, U2 ⊃ S to some n-manifolds V1, V2.
Definition 2. The germs of ϕ1 and ϕ2 at S are called globally equivalent if there are a neigh-
borhood U3 ⊃ S, an n-manifold V3, a map ϕ3 : U3 → V3, immersions α1 : U3 → U1 and
α2 : U3 → U2 restricting to the identity on S, and immersions β1 : V3 → V1, β2 : V3 → V2, such
that the diagram
U1
α1←−−− U3 α2−−−→ U2
ϕ1
y ϕ3y ϕ2y
V1
β1←−−− V3 β2−−−→ V2
is commutative. The germs of ϕ1 and ϕ2 at S are called globally L-equivalent if they are globally
equivalent, and in addition to that U3 can be taken to be a subset of U1 ∩ U2 and the maps
α1, α2 can be taken to be injections.
Definition 3. The germs of ϕ1 and ϕ2 at S are called stratumwise-equivalent if for every
stratum C ⊂ S the germs of ϕ1 and ϕ2 at C are globally equivalent. The germs of ϕ1 and ϕ2
at S are called stratumwise L-equivalent if for every stratum C ⊂ S the germs of ϕ1 and ϕ2 at
C are globally L-equivalent.
Definition 4. The germs of ϕ1 and ϕ2 at S are called locally equivalent if for any point x ∈ S the
germs of ϕ1 and ϕ2 at x are globally equivalent. The germs of ϕ1 and ϕ2 at S are called locally
L-equivalent if for every point x ∈ S the germs of ϕ1 and ϕ2 at x are globally L-equivalent.
Obviously, any globally equivalent germs are stratumwise-equivalent, and any stratumwise-
equivalent germs are locally equivalent.
Remark 1. Stratumwise-equivalent germs may be not globally equivalent. For example, consider
a map f with the swallowtail singularity Σ1,1,1,0 between 3-manifolds. The germ of f at Σ(f)
“remembers” all pairs of points of Σ(f) which have the same image, see Figure 1. But the germ
of the map at swallowtail point “remembers” only close pairs. Therefore if we slightly move
this map outside some neighborhood of swallowtail points, it remains stratumwise-equivalent
to the original map, but becomes not globally equivalent.
By the same reasoning, globally equivalent germs may be not globally L-equivalent, because
the L-equivalence class of a germ “remembers” all pairs of regular points which have the same
image. Similarly, stratumwise-equivalent germs may be not stratumwise L-equivalent, etc.
Remark 2. In general, locally equivalent germs may be not stratumwise-equivalent. For ex-
ample, suppose U = V1 = S
1 × (−1; 1), V2 is the Mo¨bius band, S ⊂ U has only one stratum
C = S1 × 0. Then let the maps ϕ1 : U → V1 and ϕ2 : U → V2 be the compositions of
the projection of U to the equator with the embeddings of S1 as the equator into V1 and V2,
respectively.
However, if the germs are generic, then the following lemma holds.
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→Figure 1: Fold points with the same image near the swallowtail singularity.
Lemma 1. Let ϕ : U → V and ϕ′ : U → V ′ be generic maps with Σ(ϕ) = Σ(ϕ′) = S.
Suppose the germs of ϕ and ϕ′ at S are locally L-equivalent. Then these germs are stratumwise
L-equivalent.
2.2 Local behavior near the stratum
Now let us introduce the following general lemma.
Lemma 2. Suppose U, V are n-manifolds, C ⊂ U is a locally closed k-submanifold and f :
U → V is a map such that f |C is an immersion. Then there is a tubular neighborhood UC ⊃ C
such that f |UC is equal to the composition
UC
g−→ VC h−→ V,
where VC is the total space of some rank n − k vector bundle over C, the neighborhood UC is
viewed as the normal bundle to C, g is a fiberwise map and h is an immersion. More precisely,
g can be written as (s, t) 7→ (s, fν(s, t)), where the first coordinate is a local coordinate in C
and the second coordinate is a local coordinate normal to C in UC and in VC, respectively.
Proof. For VC we take the pullback of the normal bundle to f(C). Let h map it to some
neighborhood of f(C). Then f restricted to some sufficiently small tubular neighborhood UC
can be lifted to VC .
Choose the neighborhood UC so that for any point x ∈ UC the image of dg(x) is transversal
to the fiber of VC . We can do this since f |C is an immersion and df(x) depends continuously on
x. Then by the Inverse Function Theorem the preimage of any fiber of VC is smooth. If needed,
replace the neighborhood UC by a smaller one such that these preimages are diffeomorphic to
Rn−k, and we are done.
With the notation of Lemma 2, we call the map g : UC → VC a normal form of f . Note
that the germ of g in C is globally L-equivalent to the germ of f .
Recall that if f is generic, then the strata of Σ(f) are corresponding to the sequences I
with zero at the end. So for every Thom-Boardman stratum C ⊂ Σ(f) the restriction f |C is
an immersion. Therefore Lemma 2 has the following consequence.
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Proposition 1. The germ of a generic map f at every strata C ⊂ Σ(f) has a normal form.
Moreover, for every vector bundle structure on UC and any its fiber F almost every point of F
is regular.
Proof. The first part of the proposition can be obtained by applying Lemma 2 to the germ of
f at C. To prove “moreover” part note that Σ(f) is closed. So if Σ(f) is dense in any disk
which lies in F , then Σ(f) contains this disk. Suppose this is the case. We can see that there
is a stratum ΣI(f) such that TxΣ
I(f) ⊃ TxF for some point x of the disk. On the other hand,
ker df(x) cannot intersect TΣI(f)x, but the derivative of f along any vector transversal to TF
is nonzero, so we have a contradiction.
2.3 Twisted tangent bundle
In this section discuss the definition of twisted tangent bundle and its properties.
Note that if TϕM was obtained by identifying TM |M\U ′ with ϕ∗(TN)|U ′ along ∂U ′, then
there is a fiberwise isomorphism Φ : TϕM |U → TV such that Φ|U\U ′ = dϕ|U\U ′ and Φ|U ′ is the
restriction of the obvious map ϕ∗(TV )→ TV . The isomorphism Φ is canonical in the following
sense.
Proposition 2. Suppose the construction of Definition 1 using the neighborhoods U ′, U ′′ ⊃ S
makes the bundles E ′, E ′′, respectively. Then there is a natural isomorphism Ψ : E ′ → E ′′ such
that Φ′′ ◦Ψ = Φ′.
Proof. For v ∈ E ′x define Ψ(v) as
Ψ(v) =

v if x ∈ U ′, U ′′ or x /∈ U ′, U ′′
dϕ(v) if x /∈ U ′ and x ∈ U ′′
(dϕ)−1(v) if x ∈ U ′ and x /∈ U ′′.
Here we mean E ′|U ′ and E ′′|U ′′ identified with TV by a map ϕ∗(TV )→ TV .
Proposition 3. The twisted tangent bundle is well defined up to isomorphism given a stratum-
wise L-equivalence class of a germ of ϕ at S.
2.4 Eliashberg’s and Gromov’s Theorems
We will use the following theorem from [3, Th. 2.2]. Let us briefly recall the notation.
Suppose C ⊂M is a codimension 1 compact submanifold without a boundary. If F : TM →
TN is a fiberwise map of bundles and f = F |M where M ⊂ TM is viewed as the zero section,
then we say that F covers f .
A C-immersion M → N is a map with fold type singularities Σ1,0 along C and no other
critical points. A C-monomorphism M → N is a fiberwise morphism of tangent bundles
F : TM → TN such that the restrictions F |T (M\C) and F |TC are fiberwise injective and there
exist a tubular neighborhood U ⊃ C and a nonidentity involution h : U → U preserving C
such that over U we have F ◦ dh = F .
Let D ⊂M be a closed n-submanifold with boundary such that every component of M \D
intersects C and let f0 : D → N be a smooth map. Denote by ImmC,D(M,N) the space of maps
f : M → N such that f |D = f0 and f |M\D is a C-immersion. Let MonC,D(M,N) be the space
of fiberwise maps F : TM → TN such that F |TD = df0 and F |T (M\D) is a C-monomorphism.
5
Theorem 3 (Eliashberg). The map pi0
(
ImmC,D(M,N)
) → pi0(MonC,D(M,N)) induced by
taking the differential is surjective. 
In other words, every F ∈ MonC,D(M,N) can be deformed to the differential of a C-
immersion in the class of C-monomorphisms fixed over D. In particular, if MonC,D(M,N) is
nonempty, then ImmC,D(M,N) is nonempty.
We will also use the following theorem, known as relative Gromov’s h-principle for immer-
sions of open manifolds. This result generalizes Hirsch’s theorems about immersions from [7], [8].
Theorem 4 (Gromov). Let U, V be n-manifolds. Suppose we are given a continuous map
f : U → V and a fiberwise isomorphism F : TU → TV covering f . Suppose for some closed
n-submanifold with boundary D ⊂ U the map f |D is smooth and F |D = df |D. Then there exists
an immersion f ′ : U → V such that F is homotopic to df ′ in the class of fiberwise isomorphisms
fixed over D. 
This theorem can be proved using the holonomic approximation theorem, see [4, Th. 2.1.3].
See also [5, §3] or [6, §1.1.3].
3 Proof of Theorem 1
We will prove Theorem 1 in the following stronger form.
Theorem 1′. A continuous map f : M → N is homotopic to a generic one with the germ at S
stratumwise-equivalent to ϕ if and only if the vector bundles TϕM and f ∗(TN) are isomorphic.
Compared with Theorem 1, the formulation has the two directions of refinement: stratum-
wise L-equivalence is stronger then local equivalence, and with requirement of this equivalence
the criterion turns out to be exact.
Proof. First we prove the “if” part. We are given a generic map ϕ : U → V for some neigh-
borhood U ⊃ S and some n-manifold V , such that S = Σ(ϕ). Suppose the bundles TϕM and
f ∗(TN) are isomorphic. Denote a fiberwise isomorphosm T SM → TN covering f by F .
We have the Thom-Boardman stratification ΣI on S, where the strata are indexed by
nonincreasing sequences I with zero at the end. Denote by Sk the union of k-dimensional
strata of S. Then S = S0 unionsq S1 unionsq . . . unionsq Sn−1. Note that Sn−1 6= ∅.
Choose a collection of closed tubular neighborhoods Uk ⊃ Sk such that
(a) Uk deformation retracts onto (Uk ∩ (U0 ∪ . . . ∪ Uk−1)) ∪ Sk and
(b) ϕ is defined on all of Uk and ϕ|Uk has a normal form ϕk : Uk → Vk, where Vk is the
total space of a certain rank n− k vector bundle over Sk (see Lemma 2). For some immersion
ιk : Vk → V we have ιk ◦ ϕk = ϕ|Uk .
Note that, if needed, we can replace Ui by the smaller neighborhoods for which the properties
(a) and (b) hold. For short, denote the union U0 ∪ . . . ∪ Uk−1 by U<k, and similarly for Vi.
Let Φ : TϕM |U → TV be the “canonical” fiberwise isomorphism such that Φ|U\U ′ = dϕ|U\U ′
for some sufficiently small neighborhood U ′ ⊃ S.
We will homotopy f to a desired smooth map in n+ 1 steps, from 0 to n.
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The 0-th step is to homotopy f such that f |U0 becomes smooth and L-equivalent to ϕ|U0 .
Take an immersion β0 : V0 → N such that (β0 ◦ϕ0)|S0 = f |S0 and d(β0 ◦ϕ0)|S0 = F |S0 . We can
do this since V0 is a union of disks and each of these disks contains exactly one point of ϕ0(S0).
Since U0 deformation retracts onto S0, we can deform f |U0 to β0 ◦ ϕ0 and then extend the
deformation to the whole of M . Outside U0 we allow f to be not smooth. Finally, deform F
in the class of fiberwise isomorphisms such that F |U0 = df |U0 . (To abbreviate notation, at the
end of every step we redenote the obtained maps by f and F , respectively.)
At the beginning of the k-th step, k = 1, . . . , n, the map f |U<k is smooth and for every i < k
there is an immersion βi : Vi → N such that f |Ui = βi ◦ ϕ|Ui , F |Ui covers f |Ui and
F |Ui = dβi ◦ dι−1i ◦ Φ|Ui . (∗)
The scheme of the k-th step for k = 1, . . . , n− 1 is the following.
The germs of f and ϕ at Sk∩U<k are locally L-equivalent. Therefore, by Lemma 1 they are
globally L-equivalent. So for some sufficiently small neighborhood V ′k ⊂ Vk, ϕk(Sk ∩U<k) ⊂ V ′k
we have an immersion β′k : V
′
k → N such that β′k ◦ ϕk|ϕ−1k (V ′k) = f |ϕ−1k (V ′k).
Define a map β : V ′k ∪ ϕk(Sk) → N as β′k on V ′k and f ◦ ϕ−1k on ϕk(Sk). Then define a
fiberwise isomorphism B : TV ′k|Vk∪ϕk(Sk) → TN covering β as dβ′k on V ′k and F ◦ Φ−1 ◦ dιk on
ϕk(Sk). Note that B is well-defined and continuous by (∗).
Suppose that the neighborhood V ′k is sufficiently nice and there is a deformation retraction
ρt, t ∈ [0; 1] of Vk onto V ′k . Using a connection on TVk, one can construct a fiberwise isomor-
phism P : TVk → TVk|V ′k∪ϕk(Sk) covering ρ1. Let βk : Vk → N be the composition β ◦ ρ1 and
Bk : TVk → TN be the composition B ◦ P .
Note that βk is an immersion on V
′
k , Bk is a fiberwise isomorphism covering βk and Bk|V ′k =
dβk|V ′k . Using Gromov’s h-principle (Theorem 4) we will deform βk to an immersion on whole
of Vk.
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